Recently there has been progress on the calculation of n-point correlation functions with two "heavy" (with large quantum numbers) states at strong coupling. We extend these findings by computing three-point functions corresponding to a folded three-spin semiclassical string with one angular momentum in AdS and two equal spins in the sphere. We recover previous results as limiting cases. Also, following a recent paper by Buchbinder and Tseytlin, we provide relevant four-point functions and consider some of their limits.
Introduction
The attempts to establish a correspondence between the large N limit of gauge theories and string theory has more than 30 years history and over the years it showed different faces. Recently an explicit realization of this correspondence was provided by the Maldacena conjecture about AdS/CFT correspondence [1] . The convincing results from the duality between type IIB string theory on AdS 5 × S 5 and N = 4 super Yang-Mills theory [1, 2, 3 ] made this subject a major research area, and many fascinating new features have been established.
One of the consequences of this correspondence is that the planar correlators of singletrace conformal primary operators in the boundary gauge theory should be related to the correlation functions of the corresponding closed-string vertex operators on a worldsheet with S 2 topology. We begin by examining a correlator with two "heavy" vertex operators (with large quantum numbers of the order of the string tension) and a number of "light" vertex operators (with quantum numbers and dimensions of order one). Then the large √ λ behavior of correlation functions of such operators is fixed by a semiclassical string trajectory determined by the "heavy" operator insertions, and with sources provided by the vertex operators of the "light" states. The exact procedure is the following. First, we construct the classical string solution that determines the leading large √ λ contribution to the correlator of the "heavy" operators. Second, we calculate the full correlation function by evaluating the product of "light" vertex operators on this solution.
This semiclassical approach was developed for the computation of two-point functions in [4] - [8] . A generalization to certain three-point functions was discussed in [9, 8] , and addressed in [10, 11] , where the "heavy" operators corresponded to a semiclassical string state with large spin in S 5 and the "light" operator represented a BPS state -massless (supergravity) scalar or dilaton mode. The extension to vertex operator insertions was made in [12] . Further developments can be traced in subsequent papers [13] - [17] . Recently, a generalization to four-point functions was initiated in [18] , and various correlators were calculated. Furthermore, the validity of the method was checked via differentiation by λ, and comparison with results from the gauge theory side was provided.
Motivated by these studies, we consider the 3-point correlation functions of two "heavy" operators, corresponding to a folded string solution with three spins (one in AdS 5 and two equal ones in S 5 ), and one BPS (dilaton or chiral primary) operator. We generalize some of the results presented in [12] . Furthermore, we extend the findings of [18] by calculating four-point functions of two "heavy" operators, which correspond to solutions with two and three spins, and two BPS operators.
The paper is organized as follows. To explain the method, in the next Section we give a short review of the procedure for calculating semiclassically n-point correlation functions via vertex operators. Next, we proceed with the calculation of three-point correlation functions for a particular three-spin string solution, taking either the dilaton or the chiral primary operator (CPO) as the "light" operator. We provide several limiting cases of the correlators. Then, we compute a number of related four-point functions and their limits. We conclude with a brief discussion on the results.
Correlation functions with two "heavy" operators
Let us start with reviewing the case of two-point correlators. Their calculation in the leading semiclassical approximation is intimately related to finding an appropriate classical string solution [6] - [9] . If V H1 (ξ 1 ) and V H2 (ξ 2 ) are the two "heavy" vertex operators inserted at points ξ 1 and ξ 2 on the worldsheet (chosen as a plane or a sphere, because we consider planar AdS/CFT duality), the two-point function for large string tension ( √ λ ≫ 1) is determined by the stationary point of the action
where I is the action of the AdS 5 × S 5 superstring sigma model in the embedding coordinates
2)
We work in conformal gauge and use a worldsheet with Euclidean signature. Thus, the 2D derivatives are ∂ = ∂ 1 + i∂ 2 ,∂ = ∂ 1 − i∂ 2 . The relation between the embedding coordinates, and the global and Poincaré coordinates in AdS 5 that we will need below is
where
. However, for convenience we will use from now on the Euclidean continuation of AdS 5
The stationary point solution solves the string equations of motion with singular sources determined by V H1 (ξ 1 ) and V H2 (ξ 2 ). Using the conformal symmetry of the theory one can map the ξ-plane to the Euclidean cylinder parameterized by (τ e , σ)
Under this conformal map the singular solution on the ξ-plane transforms into a smooth classical string solution on the cylinder [6, 7, 8] . The new solution carries the same quantum numbers as the states represented by the vertex operators, so that no information is lost.
The discussion above can be repeated for a physical integrated vertex operator labeled by a point x on the boundary of the Poincaré patch of AdS 5 [4, 6] 
The semiclassical two-point correlator V H1 (x 1 )V H2 (x 2 ) is again fixed by the classical action on the stationary point solution. After we apply the conformal map to the cylinder (2.5) we obtain a smooth solution that is actually the corresponding spinning string solution in terms of Poincaré coordinates which satisfies the boundary conditions (see [8] for details)
In a similar way one can calculate semiclassically three-point functions with two "heavy" and one "light" operators [10, 12] 
where DX M is the integral over (Y M , X k ). In the stationary point equations the contribution of the "light" operator can be neglected, so that the solution is the same as in the case of two-point function of two "heavy" operators. Thus we obtain [12] 
where (z(ξ), x(ξ), X k (ξ)) represents the corresponding string solution with the same quantum numbers as the "heavy" vertex operators, and with the boundary conditions (2.7) transformed to the ξ-plane by (2.5). With the help of the 2D conformal invariance we can also represent (2.9) in terms of the cylinder (
The global conformal SO(2, 4) symmetry determines the two-and three-point correlators (assuming that V H2 = V * H1 ) 12) where ∆ i are the dimensions of the operators. With a proper choice of x i one can remove the dependence on x ij in (2.10), and use (2.10) to calculate the structure constants C 123 [10, 12] . Presuming that ∆ 1 = ∆ 2 , we find (after setting C 12 = 1 in (2.11)) that
(2.13)
Now let us concentrate on the case of the four-point function
The semiclassical trajectory being the same, to compute the leading term in G 4 we need to evaluate the product of the "light" operators on the solution
(2.15) Transforming to the (τ e , σ)-coordinates we obtain
From (2.10) and (2.16) we get the factorization
For more details we refer to [7, 8, 12, 18] .
3 Three-point correlators for a folded string solution with three spins in AdS 5 × S
5
In this Section we apply the methods described above to the calculation of particular threepoint functions. Without loss of generality we choose x 1 = (−1, 0, 0, 0) and x 2 = (1, 0, 0, 0). We consider a generalization of (3.14) in [12] for the string solution that determines the semiclassical trajectory. Our solution has a large spin S = √ λ S in AdS and two orbital momenta J 1 = J 2 in S 5 , and is defined as
where (γ, ψ, ϕ 1 , ϕ 2 , ϕ 3 ) are the coordinates of S 5 . The background (3.1) approximates the exact elliptic function solution 1 in the limit κ, µ ≫ 1 on the interval σ ∈ [0,
. To obtain the formal periodic solution on 0 < σ ≤ 2π one needs to combine together four stretches ρ = µσ of the closed, and folded onto itself, string.
In the embedding coordinates the AdS part of the solution is
Alternatively, in Poincaré coordinates (2.3)
4)
The energy of the solution is
Now we will examine the three-point functions with two "heavy" operators and one "light" operator, which will be either the dilaton, or the superconformal primary scalar (chiral primary operator).
Dilaton as "light" operator
The 10D dilaton field is decoupled from the metric in the Einstein frame [19] . Thus, it satisfies the free massless 10D Laplace equation in AdS 5 × S 5 . The corresponding string vertex operator is proportional to the worldsheet Lagrangian (we will keep nonzero value j of S 5 momentum)
whereĉ ∆ depends only on the normalization of the dilaton. Here and below we will ignore the fermionic terms and overall normalization factors in the vertex operators. To the leading order in the large √ λ expansion ∆ = 4 + j. The respective dual gauge theory operator is proportional to tr(F 2 mn Z j + . . .) or, for j = 0, just the SYM Lagrangian.
From (2.10), (2.13) and (3.7) follows that
The normalization constantĉ ∆ of the dilaton vertex operator was calculated in [12] 
Evaluating U on the large-spin folded string classical solution in (3.1) and (3.2) we obtain
so that the expression in (3.8) becomes
where we have used that the solution for ρ in (3.1) approximates the exact folded solution for µ ≫ 1. Computing the structure constant, we get
14)
; −e πµ − 2 F 1 4 + j,
Taking various limits of the above expression is fairly non-trivial, especially with respect to µ. Around n = 0 we have 16) which means that the structure constant indeed reduces to (4.10) in [12] . The limit µ → 0 yields
; −e −inπ .
It can be seen that the 3-point function is nonvanishing in this limit, because we need also n → 0 to have a geodesic for the classical trajectory.
For the case j = 0 we obtain
In the large S limit, conforming to the discussion in [12] , we get
(3.19)
Yet another limit is taking j → ∞ and S → ∞, while keeping ℓ 1 and ℓ 2 constant. Then the integrals over τ e and σ can be both evaluated with a saddle-point approximation
which should go to the results obtained in [12] for ℓ 2 = 0.
Superconformal primary scalar as "light" operator
The massless string state corresponding to the chiral primary operator originates from the trace of the graviton in S 5 directions which induces also the components of the graviton in AdS 5 directions, and mixes with the RR 5-form [19, 20] . As discussed in [10, 21] , the bosonic part of the respective vertex operator assumes the following form (we ignore derivative terms that will not influence the calculation done below since we have chosen
where againĉ ∆ depends only on the normalization of the scalar. The dual gauge theory operator is the BMN operator trZ j with dimension ∆ = j.
It can be inferred from (2.10), (2.13) and (3.23) that
where the normalization constantĉ ∆ of the CPO is [10, 21] 
We evaluate U on the solution in (3.1) and (3.2), and obtain 27) so that (3.24) assumes the following form
(3.28) The result for the integral is too complicated to be presented here, so we will only provide various limits of the structure constant. We note that in contrast to the dilaton case taking the limit n → 0 would not render the findings of [12] because this limit does not commute in general with the integrations in (3.28). Consequently, by taking this limit we obtain original results.
First, let us take ℓ 1 → ∞ and ℓ 2 → 0. We get for the structure constant
Second, we will consider the limit ℓ 1 → 0 and ℓ 2 → 0, while taking S = e πµ → ∞
Third, let us take the small µ limit. We obtain a result that is still complicated, so we take ℓ 2 → 0 and get for ℓ 1 → 0
which coincides with (4.30) in [12] . Alternatively, for ℓ 1 → ∞ we obtain
which again is the same as (4.31) in [12] . Thus, we can also recover the result [20] for the three-point correlator of three BMN-type operators.
Four-point functions
In this Section we will consider four-point correlators with two "heavy" operators corresponding to the folded string solutions (3.14) of [12] , and (3.1)-(3.2) in the present paper, albeit for generic positions of the "heavy" vertex operators. We will follow closely the calculations done in [18] .
Folded string with one spin in AdS 5 and one in S 5
The large spin gauge theory operators in the functions we will consider are dual to a folded string with spin S in AdS 5 and J in S 5 [12] . Nevertheless, compared to [12] here we start with generic positions x 1 , x 2 of the form x 1 = −x 2 . The corresponding Euclidean stationary point solution is (we can choose the points x 1 and x 2 to lie on the x 0e -axis) z = x 12 2cosh(κτ e ) cosh(µσ) , x 0e = x 12 2 tanh(κτ e ) + 1 2 (x 1 + x 2 ) ,
Ignoring for now any contribution from "light" operators, we denote the respective "heavy" vertex operator as V S,−J , with V −S,J ≡ V * S,−J . The two-point function of such operators can be calculated in the limit of large S [7, 8, 12] 
The corresponding three-point functions with two large spin and one BPS operators have already been computed in [12] for specific values of x 1 and x 2 . We need 3-point correlators for general x 1 and x 2 , and thus we will provide them below. We will consider three choices for the two "light" operators in the four-point functions, namely dilatondilaton, dilaton-CPO (the superconformal primary scalar), and CPO-CPO.
Dilaton-dilaton
The three-point function with one dilaton assumes the following form
where j is the angular momentum of the dilaton, and we have explicitly maintained the S 5 angular momentum conservation. The structure constants are then determined by the ratio G 3 (x 1 , x 2 , x 3 = 0)/G 2 (x 1 , x 2 ), which is given by the integral of the vertex operator (3.7). Evaluated on (4.1), it can be expressed as We want to pull all the dependence on x i out of the integral. For this purpose we change the variables κτ e → τ e → τ e + ln
, and µσ → σ, to obtain In the formal limit µ → 0, which corresponds to the "heavy" operators being BPS (chiral primary), we get a vanishing structure constant [12] , because we have an odd number of dilaton operators. Evaluating the integrals for large S and ℓ ≡ ν µ → 0 we find that the leading term in C S,J,j does not depend on S
which is the same as what can be inferred from (4.15), (4.16) and (4.23) in [12] . In the limit j → ∞ we get for (4.7)
which is expected in a case of three operators with large charges [9, 22] .
To restore the x 3 dependence in (4.5) we should replace x 1 with x 13 , and x 2 with x 23 . The behavior of (4.5) is then the expected one for three conformal operators with dimensions
which is consistent with charge conservation provided that S, J ≫ j.
The four-point correlator can assume the following form
Due to (2.16), for S, J ≫ j, it is given by the product of two dilaton vertex operators evaluated on the solution (4.1). Using (4.2) we thus obtain
In the form of (2.17) this looks like
. (4.12)
Chiral primary operator-chiral primary operator
The three-point function with one superconformal primary scalar is again of the form (4.3), where we have substituted the dilaton vertex operator with the chiral primary one. The structure constants are then determined by the ratio G 3 (x 1 , x 2 , x 3 = 0)/G 2 (x 1 , x 2 ) (the integral of the CPO vertex operator). Since we have assumed that x 1 = −x 2 , on the solution (4.1) the chiral primary vertex operator takes its simplified form (3.23) (see [18] for details). After integrating (3.23) we obtain Again we want to pull all the dependence on x i out of the integral, so we change the variables κτ e → τ e → τ e + ln
, and µσ → σ, to get
If we evaluate the integrals in the limit of small µ ≪ ν, we obtain the results in subsection 4.1 of [18] . In the limit of small ν ≪ µ we recover the findings in subsection 4.3 of [18] .
To restore the x 3 dependence in (4.14) we should again replace x 1 with x 13 , and x 2 with x 23 . The behavior of (4.14) is then the expected one for three conformal operators with dimensions
Once again the four-point function can assume the form (4.10). Due to (2.16), for S, J ≫ j, it is provided by the product of two chiral primary vertex operators evaluated on the solution (4.1). Using (4.2) we thus get
In the form of (2.17) this looks like (4.12).
Dilaton-chiral primary operator
The corresponding three-point correlators have already been considered in the previous two paragraphs. Once more the four-point function can have the appearance of (4.10). Due to (2.16), for S, J ≫ j, it is given by the product of the dilaton operator and the chiral primary vertex operator evaluated on the solution (4.1). Using (4.2) we thus obtain two possibilities according to the order of "light" operators
4.2 Folded string with one spin in AdS 5 and two equal spins in the sphere
Let us consider examples of four-point correlators involving two non-BPS "heavy" operators dual to the folded string with spin S in AdS 5 and J 1 = J 2 = J/2 in S 5 analyzed in Section 3. However, here we will work with generic positions x 1 , x 2 of the form x 1 = −x 2 . The respective Euclidean stationary point solution is (again we choose the points x 1 and x 2 to lie on the x 0e -axis)
20)
We denote the corresponding "heavy" vertex operator as V S,−J , with V −S,J ≡ V * S,−J . In the limit of large S the two-point function of such operators is given again by (4.2) , where now J is the sum of orbital momenta in the sphere.
The respective three-point correlators with two large spin and one BPS operators have already been calculated in Section 3, albeit for specific values of x 1 and x 2 . Since we need 3-point functions for general x 1 and x 2 , we will provide them below. Again, we will consider three choices for the two "light" operators in the four-point correlators, namely dilaton-dilaton, dilaton-CPO, and CPO-CPO.
Dilaton-dilaton
where j is the angular momentum of the dilaton, and we have explicitly maintained the S 5 angular momentum conservation. The structure constants are then determined by the ratio G 3 (x 1 , x 2 , x 3 = 0)/G 2 (x 1 , x 2 ), which is given by the integral of the vertex operator (3.7). Evaluated on (4.20) , it can be expressed as We want to pull all the dependence on x i out of the integral. For this purpose we change the variables κτ e → τ e → τ e + ln
, and µσ → σ, to obtain
where In the formal limit µ → 0 we get a non-vanishing structure constant (3.17) , because the string is wound around ψ. Evaluating the integrals for large S and ℓ 1 ≡ ν µ → 0, while keeping ℓ 2 ≡ n µ constant, we find that the leading term in C S,J,j does not depend on S, but its form is complicated and devoid of physical intuition. If we further specialize to the limit of large j (using saddle-point approximation), we obtain from (3.20)-(3.22)
To restore the x 3 dependence in (4.23) we should again replace x 1 with x 13 , and x 2 with x 23 . The behavior of (4.23) is then the expected one for three conformal operators with dimensions
Due to (2.16), for S, J ≫ j, it is given by the product of two dilaton vertex operators evaluated on the solution (4.20) . Using (4.2) we thus obtain
. (4.29)
Chiral primary operator-chiral primary operator
The three-point function with one superconformal primary scalar is again of the form (4.21), where we have substituted the dilaton vertex operator with the chiral primary one. The structure constants are then determined by the ratio G 3 (x 1 , x 2 , x 3 = 0)/G 2 (x 1 , x 2 ) (the integral of the CPO vertex operator). Since we have assumed that x 1 = −x 2 , on the solution (4.20) the chiral primary vertex operator takes its simplified form (3.23) (see [18] for details). After integrating (3.23) we obtain Again we want to pull all the dependence on x i out of the integral, so we change the variables κτ e → τ e → τ e + ln
, and µσ → σ, to get If we evaluate the integrals in the limit of small µ ≪ ν and n ≪ µ, we obtain (3.32). In the limit of small ν ≪ µ and n ≪ µ we recover (3.30). The large j, large S limit yields via saddle-point approximation
where h(ℓ 1 , ℓ 2 ) is given by (3.21).
To restore the x 3 dependence in (4.31) we should again replace x 1 with x 13 , and x 2 with x 23 . The behavior of (4.31) is then the expected one for three conformal operators with dimensions
Once again the four-point function can assume the form (4.27). Due to (2.16), for S, J ≫ j, it is provided by the product of two chiral primary vertex operators evaluated on the solution (4.20). Using (4.2) we thus get
In the form of (2.17) this looks like (4.29).
Dilaton-chiral primary operator
The corresponding three-point correlators have already been considered in the previous two paragraphs. Once more the four-point function can have the appearance of (4.27). Due to (2.16), for S, J ≫ j, it is given by the product of the dilaton operator and the chiral primary vertex operator evaluated on the solution (4.20). Using (4.2) we thus obtain two possibilities according to the order of "light" operators 
Conclusion
The AdS/CFT correspondence passed through many controversial developments over the last decade. The holographic conjecture has been tested in many cases and impressive results about anomalous dimensions of the gauge theory operators, integrable structures, etc., and crucial properties of various gauge theories at strong coupling have been established. The main challenge ahead is to find efficient methods for calculation of the correlation functions.
While discovering a semiclassical trajectory controlling the leading contribution to the three-point correlator of "heavy" operators is so far an unsolved problem [9] , we have seen that one can use the trajectory for the correlation function of two "heavy" operators, which is straightforward to find [6, 8] , to compute the behavior of a correlator containing two "heavy" and one "light" states at strong coupling [10, 11] 5 . The approach based on insertion of vertex operators was put forward in [12] , where the authors also suggested that the same method applies to higher n-point correlation functions with 2 "heavy" and n − 2 "light" operators. Namely, the semiclassical expression for n-point correlator should be given by a product of "light" vertex operators calculated on the worldsheet surface determined by the "heavy" operator insertions.
In the present paper we considered string theory on AdS 5 × S 5 and computed threepoint correlation functions of two "heavy" (string) and one "light" (supergravity) states at strong coupling, applying the ideas of [12] for calculation of correlation functions using vertex operators for the corresponding states. We examined the method in the case of a folded string solution with three spins (one in AdS and two equal ones in the sphere), which generalizes the solution used in [12] . We provided a number of limiting cases, which illuminate the physical motivation behind the calculations. We also computed several four-point correlators for folded string solutions saturating dilaton and chiral primary "light" operators, and extending the results presented in [18] .
Very recently there has been development in the semiclassical calculation of two-and three-point correlation functions of operators dual to open string and brane states (giant gravitons in particular) [23, 24] . One of the important directions for future research in this field is the computation of correlators of wrapped branes on vanishing cycles.
